The Newman-Janis (NJ) algorithm has been extensively used in the literature to generate rotating black hole solutions from nonrotating seed spacetimes. In this work, we show, using various constants of motion, that the null geodesic equations in an arbitrary stationary and axially symmetric rotating spacetime obtained through the NJ algorithm can be separated completely, provided that the algorithm is applied successfully without any inconsistency.
I. INTRODUCTION
It is generally believed that the central suppermassive compact region of our Galaxy and those of many other galaxies contain suppermassive black holes. Images and shadows formed due to gravitational lensing of light provide an observational tool in probing the gravitational fields around such compact objects and in detecting their nature. The gravitational field near a black hole event horizon become so strong that its exterior geometry can possesses unstable circular photon orbits or unstable light rings (or photon sphere in the case of a spherically symmetric, static black hole) which causes photons to undergo unboundedly large amount of bending (strong gravitational lensing) [1] [2] [3] [4] [5] . A slight perturbation on photons on such unstable orbits can cause them to be either absorbed by the black hole or sent off to a faraway observer.
Therefore, the event horizon of a black hole, together with the unstable light rings, is expected to create a characteristic shadow-like image (a darker region over a brighter background) of the photons emitted from nearby light sources or of the radiation emitted from an accretion flow around it. Very recently, the event horizon telescope (EHT) [6] [7] [8] has observed this shadow in the image of M87 * . However, the observational outcome of the image of the suppermassive compact object Sagittarius A * (Sgr A * ) present at our Galactic
Center is yet to come.
While the intensity map of an image depends on the details of the emission mechanisms of photons, the contour (silhouette) of the shadow is determined only by the spacetime metric itself, since it corresponds to the apparent shape of the photon capture orbits (or the unstable light rings) as seen by a distant observer.
Therefore, strong lensing images and shadows offer us an exciting opportunity not only to detect the nature of a compact object but also to test whether or not the gravitational field around a compact object is described by the Schwarzschild or Kerr geometry. In light of this, there have been both analytic and numerical efforts to investigate shadows cast by different black holes in the last few decades. The shadow of a Schwarzschild black hole was studied by Synge [9] and Luminet [10] . Bardeen studied the shadow cast by a Kerr black hole [11] (see [12] also). Consequently, the Kerr black hole shadow and its different aspects such as the measurement of the mass and spin parameter have been investigated by several authors [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] .
The shadows cast by various other black holes have also been studied . See [67] for a recent brief review on shadows. Some recent studies, however, suggest that the presence of a shadow does not by itself prove that a compact object is necessarily a black hole. Other horizonless compact objects, which posses light rings around them, can also cast shadows [68] [69] [70] [71] [72] [73] [74] [75] [76] [77] [78] [79] [80] [81] [82] [83] .
Unlike the nonrotating ones, rotating black hole solutions are very hard to obtain as exact solutions of the field equations of various gravity theories. On the other hand, Newman-Janis (NJ) algorithm provides an easier and useful way to generate a stationary and axisymmetric rotating black hole spacetime from a static and spherically symmetric nonrotating seed metric [84, 85] (see [86] and [87] also). This method has been extensively used in the literature in recent times. In fact, many of the rotating black hole solutions cited above have been obtained through this method. In this work, we study shadow cast by a general rotating black hole generated from a nonrotating one through the NJ algorithm. A similar work has been considered in [88] in the case when the initial nonrotating seed black hole spacetime has a particular ansatz. However, our work here is not restricted to such ansatz and deal with a most general rotating black hole generated through the NJ algorithm. This paper is organized as follows. In the next section, we briefly summarize the NJ algorithm and apply it to obtain a most general rotating black hole spacetime from a nonrotating one. In Sec. III, we separate null geodesic equations in the general rotating black hole spacetime and obtain a general analytic formula for obtaining the contour of the shadow which the black hole cast. We apply our formula to verify some known results in Sec. IV. In Sec. V, we generate a new rotating black hole solution using the NJ algorithm and study its shadow. Finally, we conclude in Sec. VI.
II. ROTATING SPACETIME THROUGH NEWMAN-JANIS ALGORITHM
In this section, we briefly summarize the NJ algorithm described in [84, 85] for the construction of a stationary and axisymmetric spacetime from a static and spherically symmetric one (see [86] also for more details). We start with the spherically symmetric, static spacetime given by
The first step of the algorithm is to write down the above metric in the advance null (Eddington-Finkelstein)
coordinates (u, r, θ, ϕ) using the transformation
The metric in the advance null coordinates becomes
The second step is to express the inverse metric g µν using a null tetrad Z µ α = (l µ , n µ , m µ ,m µ ) in the form
wherem µ is the complex conjugate of m µ , and the tetrad vectors satisfy the relations
One find that the tetrad vectors satisfying the above relations are given by
The third step is a complex transformation in the r − u plane given by
together with the complexification of the metric functions f (r), g(r) and h(r). After the complex transformation, the new tetrad vectors become
where F (r, θ), G(r, θ) and H(r, θ) are, respectively, the complexified form of f (r), g(r) and h(r). Using the new tetrad, we find the new inverse metric using
The new metric in the advance null coordinates becomes
The final step of the algorithm is to write down the metric in Boyer-Lindquist form (where the only non-zero off-diagonal term is g tφ ) using the coordinate transformations
Inserting the above coordinate transformations in the metric (12) and setting g t ′ r and g rφ ′ to zero, we obtain
Note that the transformation in (13) is possible only when χ 1 and χ 2 depend only on r. If the right hand sides of Eqs. (14) and (15) depend on θ also, then we cannot perform a global coordinate transformation of the form (13) [87] . Although it is not always possible to find a suitable complexification of the functions in such a way that χ 1 and χ 2 are independent of θ, in many cases, it is. However, this involves a certain arbitrariness and an element of guess. There are many ways to complexify. Some are
where ρ 2 = r 2 + a 2 cos 2 θ. Finally, once the global coordinate transformation (13) is allowed, the metric in the Boyer-Lindquist coordinate becomes
where we have dropped the prime sign from t ′ and φ ′ . For later use, we define
From Eqs. (14) and (15), note that ∆ and X must be independent of θ so that the transformation (13) is allowed.
III. SEPARATION OF NULL GEODESIC EQUATIONS AND BLACK HOLE SHADOW
In this section, we separate the null geodesic equations in the general rotating spacetime (17) using
Hamilton-Jacobi method and obtain a general formula for finding the contour of a shadow. The HamiltonJacobi equation is given by
where λ is the affine parameter, S is the Jacobi action, H is the Hamiltonian, and p µ is the momentum defined by
Since the metric tensor g µν and hence the Hamiltonian H is independent of the coordinates t and φ, we have two constants of motion. These are the conserved energy E = −p t and the conserved angular momentum L = p φ (about the axis of symmetry). If there is a separable solution of Eq. (20) , then, in terms of the already known constants of the motion, it must take the form
where µ is the mass of the test particle. For photon, we take µ = 0. Putting Eq. (22) in the Hamilton-Jacobi equation, we obtain after some simplifications
Note that, since the quantities GH + a 2 sin 2 θ [= ∆(r)] and (18) and (19)), the left and right hand side of Eq. (23) are only functions of r and θ, respectively. Therefore, each side must be equal to a separation constant. After separation, we obtain
where the separation constant K is known as the Carter constant. Using Eq. (21), we obtain the following separated geodesic equations for the photon:
where
and ∆(r) and X(r) are defined, respectively, in Eqs. (18) and (19) . Note that R(r) and Θ(θ) must be non-negative, i.e., we must have
for the photon motion, where ξ = L/E and η = K/E 2 .
The unstable circular photon orbits in the general rotating spacetime must satisfy R(r ph ) = 0, R ′ (r ph ) = 0 and R ′′ ≥ 0, where r = r ph is the radius of the unstable photon orbit. The first two conditions give
After eliminating η from the last two equations and solving for ξ, we obtain
Out of these two solutions for ξ, only one is valid for the purpose of describing a black hole shadow. If we take the first solution ξ = X/a, then from Eq. (34), we find that the corresponding solution for η is given
which is compatible with the requirement Θ(θ) ≥ 0 (see Eq. (33)) only for θ = θ ph = a constant, and ξ = a sin 2 θ ph ,
when Θ(θ) = 0 for θ = θ ph . This case is similar to the Kerr black hole case [12] . This set of solutions for ξ and η represents principal null-geodesics and can not describe a black hole shadow. Therefore, to describe a black hole shadow, we consider the second solution of ξ given in Eq. (36) . Using this second solution, we solve for η from Eq. (35) . We obtain
where the subscript 'ph' indicate that the quantities are evaluated at r = r ph . Equation (39) and (40) give the general expressions for the critical impact parameters ξ and η of the unstable photon orbits which describe the contour of a shadow.
A particular case of the above study with
has been considered in [88] . In this case, using (16) , the metric functions can be complexified to obtain [87] 
Therefore, ∆(r) and X(r) become
which are functions of r only. Using Eqs. (42) and (43), it is straightforward to show that the geodesic equations (26) (27) (28) (29) as well as the expressions for ξ and η given in Eqs. (39) and (40) exactly match with those obtained in [88] . However, in our most general case here, we do not restrict the metric functions to be of the form given in Eq. (41).
The unstable photon orbits form the boundary of a shadow. The apparent shape of a shadow are obtained by using the celestial coordinates α and β which lie in the celestial plane perpendicular to the line joining the observer and the center of the spacetime geometry. The coordinates α and β are defined by [89] α = lim
where (r 0 , θ 0 ) are the position coordinates of the observer. We consider that the general metric is asymptotically flat. Therefore, F ∼ 1, G ∼ 1, H ∼ r 2 , ∆ ∼ r 2 and X ∼ r 2 in the limit r → ∞. After taking the limit, we obtain
The shadows are constructed by using the unstable photon orbit radius r ph as a parameter and then plotting parametric plots of α and β using Eqs. (39), (40), (46) and (47).
IV. SOME KNOWN EXAMPLES
A. Kerr, Kerr-Newman, and tidally charged rotating braneworld black hole
The Kerr [84, 90] , the Kerr-Newman [85] and the tidally charged rotating braneworld black hole [91] are, respectively, rotating solutions of Einstein-vacuum equations, Einstein-Maxwell equations and the effective field equations of the Randall-Sundrum braneworld in vacuum. Through the NJ algorithm, these black hole solutions can be obtained from the nonrotating metric given by
where q = 0 represents Schwarzschild black hole, q = Q 2 represents electrically charged Reissner-Nordstrom black hole with Q being the electric charge, and q = −Q 2 * represents tidally charged braneworld black hole with Q * being the tidal charge. Using (16) , the metric functions in this case can be complexified as [84, 85] 
Using these complexified functions in Eqs. (18) and (19), we obtain
The black hole horizons are given by ∆ = 0. When (M 2 − a 2 − q) ≥ 0, we have Kerr black hole for q = 0, Kerr-Newman black hole for q = Q 2 and tidally charged braneworld black hole for q = −Q 2 * . The shadows cast by these black holes have already been studied [11, [31] [32] [33] 47] . Using the above expression for ∆(r) and X(r) in Eqs. (39) and (40), we obtain
which are the same as those of the Kerr (q = 0), Kerr-Newman (q = Q 2 ) and tidally charged braneworld black hole (q = −Q 2 * ) obtained, respectively, in [11] , [32] and [47] . Note that the authors in [47] have taken q = Q with Q < 0 for the tidally charged braneworld black hole.
B. Kerr-Sen black hole
The Kerr-Sen black hole is a rotating charged black hole solution obtained in heterotic string theory [92] . In [93] , the author have shown that, using the NJ algorithm, the Kerr-Sen black hole solution can be obtained from the spherically symmetric, static metric given by
where r 1 and r 2 are related to the mass M and the electric charge Q by r 1 + r 2 = 2M and r 2 = Q 2 /M .
Note however that M and Q in [92] are related to the two parameters m and α by M = (m/2)(1 + cosh α)
and Q = (m/ √ 2) sinh α. In this case, using (16) , the metric functions can be complexified as [93] 
Therefore, ∆(r) and X(r) in this case become
The shadows for this black hole have been studied in [36] . Using the last equation in Eqs. (39) and (40), we obtain
We find that the above expressions for the critical impact parameters ξ and η are the same as those obtained in Eq. (27) of [36] , after we replace r 2 = r 0 and r 1 = 2M − r 0 in the above expressions for ξ and η.
V. A NEW EXAMPLE: ROTATING DILATON BLACK HOLE AND ITS SHADOW
We now consider a new example to bring out the usefulness of our general analytic formula for obtaining a shadow. We consider the nonrotating charged dilaton black hole given by [94, 95] 
and apply the NJ algorithm to obtain the corresponding rotating charged dilaton black hole. Here, M is the mass, and Q E , Q M and r 0 are, respectively, related to the electric, the magnetic and the dilaton charge.
To complexify the function, we first write f (r) and g(r) as
where we have replaced (r − + r + ) = 2M and have defined q = r − r + = (Q 2 E + Q 2 M − r 2 0 ). Using (16), we now complexify the functions in the following way:
Using above equations, we find that the expressions for ∆(r) and X(r) become
Therefore, the critical impact parameters of the null geodesics in this case become
Note that when Q E = Q M , i.e., r 0 = 0, the dilaton charge vanishes, and the above results match with those of the Kerr-Newman black hole obtained in the previous section. To the best of our knowledge, construction of the above rotating metric using the NJ algorithm and its shadows have not been considered before. Figure   1 shows the shadows cast by the above rotating dilaton black hole for different values of the parameters. 
VI. CONCLUSIONS
After the very recent observation of the very first image of the black hole M87 * [6] [7] [8] , black hole shadow will continue to be an important probe of spacetime structure and gravity in the strong curvature regime.
In this work, we have studied shadow cast by an arbitrary stationary, axially symmetric and asymptotically flat rotating black hole spacetime generated through the NJ algorithm. To this end, we have completely separated the null geodesic equations using different constants of motion and obtained an analytic general formula which can be used to find the contour of the shadow cast by a rotating black hole. We have applied our formula to some known examples and reproduced the corresponding results. Finally, we have considered a new example and studied its shadows. Our analytic formula will be useful to obtain more new results for black hole shadows. Though we have applied our analytic formula to study shadows cast by rotating black
